In this paper we derive some results to ensure that the number of the limit cycle of a generalized Gause-type predator᎐prey system does not exceed one. Two examples are presented in the final section.
INTRODUCTION
The main purpose of this paper is to establish conditions to ensure that Ž . the number of the limit cycle of the following system 1.1 does not exceed one:
xЈ t s g x y x y s F x, y Ž . Ž . Ž . Ž . Ž .
yЈ t s x y s G x, y Ž . Ž . Ž . Ž .
1.1
Ž .
x 0 ) 0, y 0 ) 0.
Ž . Ž .
We make the following assumptions:
Ž . 1 w . Ž . Ž . Ž . Ž . A1 , g C 0, ϱ , 0 s 0 s 0, and Ј y ) 0, Ј y ) 0 for y G 0.
Ž .
1 w . Ž . Ž . A2 g C 0, ϱ , 0 s 0 and Ј x ) 0 for x G 0.
1 w . Ž . Ž . A3 g g C 0, ϱ , g 0 s 0, and there exists K ) 0 such that g Ј K Ž . Ž . Ž . Ä 4 -0 and x y K g x -0 for x g 0, ϱ y K .
1 w . Ž . Ž . A4 g C 0, ϱ , and there exists g 0, K such that s 0, Ž . Ž . Ž . w . Ä 4 Ј ) 0, and x y x ) 0 for x g 0, ϱ y .
1 Ž . ŽŽ x. Žw .. A5 h s gr g C 0, ϱ and h 0, K : 0, ϱ .
A large class of biological and bioeconomic models are special cases of Ž .
Ž . Ž . 1.1 satisfying assumptions A1 ᎐ A5 . For the detailed biological meanw x ing, the reader may consult 6, 17᎐19 . The method used to prove the Ž . nonexistence of periodic solution of 1.1 is the Dulac criterion. For the w x part of ''uniqueness,'' Cheng 2 was the first one to prove the uniqueness of the limit cycle for a predator᎐prey system with a Holling type 2 functional response by using the symmetry of the prey isocline. Subsew x quently, Liou and Cheng 14 further developed a method of reflection to extend the class of predator᎐prey model for which the results are valid. w x With some restrictions on , Kuang and Freedman 13 and Huang and w x Merrill 11 transform a class of predator᎐prey model with Gause-type to a generalized Lienard system where the results of uniqueness of the limit w x cycle are available. Ding 4 studied a kind of predator᎐prey system and w x shows that the results hold. Hsu and Hwang 10 give a sufficient condition Ž . for the uniqueness of the limit cycle of system 1.1 , the prey isocline of w x which has two humps. In this paper we employ the techniques in 4 to prove the results.
The main results and their consequences are given in Section 2. In Section 3, two examples are provided to show the applicability of the main theorems.
MAIN RESULTS

Ž .
Ž . Ž . It is clear that system 1.1 has equilibria at E 0, 0 , E K, 0 , and
. E* , y* , where y* s h ) 0. Both E and E are saddle points. Ž . Since the Jacobian of system 1.1 at E* is
the eigenvalues are given by
Ž . Hence E* is stable if hЈ -0, and E* is unstable if hЈ ) 0. The case Ž . where hЈ s 0 is undecided, as E* could be either a center or a focus, Ž .
2 since the set ⍀ s 0, K = R : R is positively invariant and any trajecŽ . tory must intersect it from the exterior to the interior provided x 0 G K. Therefore we will restrict our attentions to the open region ⍀ in the following discussion.
2
Then system 1.1 has no periodic solution in R .
Ž . periodic solution of system 1.1 . Let H x, y s l x r y , where l x and Ž . r y will be determined. Then
and ⌬sH x, y x hЈ x qa x qb x h x F0 for x, y g⍀ . .
Since E* is unstable, there must be a periodic orbit ⌫ which is the 1 nearest one around E*. It follows that ⌫ must be stable from inside, and 1 by Poincare criterion of stability, we get
Ž . Ž .
x hЈ x Ž . Ž .
Ž . Ž . The vertical line x s x intersects ⌫ and ⌫ at points B , C and B , C ,
respectively. Then 
Similarly, we can prove
where ⍀ and ⍀ are two regions bounded by the above two closed paths, 1 2 respectively. Thus
Since two periodic orbits with the same stability cannot exist side by side, we conclude that ⌫ is externally unstable. To obtain a contradiction, let
Ž . for x g 0, ϱ ; here a and b are given in 2.1 . Hence H x is the solution to the initial value problem,
Note that y K q for x g R. Clearly, since -0, r4 y 1 -0, and y Ž 2 . Ž . 4 r4 y 1 s 4 -0, the polynomial p x -0 on R. Now consider the new system stable from the inside, i.e.,
Ž . Ž . Ž . On the other hand, the system 2.3 satisfies the assumptions A1 ᎐ A5 . To see this, let us show that
for all xg 0, ϱ y K .
Ž .
1 w . Ž . Since g g C 0, ϱ and g Ј K -0, there exists a positive, small ␦ such
Ž . x , K and 0 F < 1, then, since h x s h x q H x and because Ž .
Hence, 2 2 ⌬ X has a jumped discontinuity at x and can be extended continuously on 2
Ž . Clearly, x g 0, and W x s 0. Since
Ž . a periodic orbit of system 1.1 and is enclosed by ⌫ , a contradiction. To
there are two cases to be considered:
By applying similar arguments in the beginning of the 2 2 Ž . proof, we have inequality 2.4 . ⌫ X and ⌫ X at points B X , E X and B X , E X , respectively, and the vertical line
x s x intersect ⌫ X and ⌫ X at points C X , D X and C X , D X , respectively. Again, using similar arguments in the beginning of the proof, one can show that
Ž . and hence the inequality 2.4 holds. This implies that
Ž . a contradiction. Hence system 1.1 possesses at most one limit cycle, and if it exists it is stable. This completes the proof of Theorem 2.2.
Remark. If ␣ s 1 and ␤ s 0, then Theorem 2.2 is the criterion for the w x w x uniqueness of the limit cycle given by Huang and Merrill 11 and Ding 4 .
1 There exist ␣ , ␤ G 0 and ␣ q ␤ ) 0 such that the function
Then system 1.1 possesses at most one limit cycle in R .
q Proof. The proof will be divided into two cases.
Ž . x g 0, K . Thus Theorem 2.1 implies that system 1.1 has no periodic orbit in R 2 .
Ž . Ä 4 for all x g 0, K y . Thus the assertion follows from Theorem 2.2.
Remark. If E* is locally asymptotically stable, then condition 2 in Theorem 2.3 is not necessary, and in this case, Theorem 2.3 is a generaliza- Ž . is sufficient to show that q is C and qЈ x F 0 for x g 0, 1 . Let With some calculations one can show that 2 q a Ž . problem can be rewritten as
x q a dxq e Ž .Ž .
, then the system has exactly one periodic Ž . Ž . Ž . Ž . Ž . the inequality 2.5 holds, provided that p x s q -1. 
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